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USE OF THE MILITARY STANDARD PLANS 

FOR HAZARD RATE UNDER THE WEIBULL DISTRIBUTION 

Summary 

This paper presents a procedure^ together with necessary tables of 

products, for applying the MIL-STD~1058 plans to acceptance sampling 

inspection when the quality of items in the lot is evaluated in terms of 

the instantaneous failure rate or hazard rate as a function of time. 

Inspection of sample items is by attributes with life testing truncated 

at the end of some pre-assigned period.  The Weibull distribution (includ- 

ing the exponential as a special case) is assumed as the underlying life- 

length model.  Examples of application are given. 

Introduction 

The procedure and tables presented in this paper are based on recent 

work reported on in some detail in a paper to be presented by the authors 

at the Eighth National Symposium on Rel iabi I ity and Qua I ity Control ^K 

The objective of this procedure and set of tables is to provide a simple 

means of adapting the MIL-STD-I05B^ plans to reliability and life- 

testing applications for which the lot quality of interest is the hazard 

rate or instantaneous failure rate for the items at some specified time 

or life and for which the Weibull distribution (including the exponential 

as a special case) can be assumed.  Both the procedure and tables are of 

a form similar to that for the procedure and tables prepared by the authors 

for use when lot quality is evaluated in terms of mean item life and which 

were presented at the Fifteenth Annual Convention of the American Society 

for Quality Control^.  The two sets of tables thus supplement each other, 



and since the sampling Inspection procedures for both are identical^ they 

provide a comprehensive collection offering alternative criteria for Id- 

evaluation.  Additional information on Weibull 'sampling plans^ on estima- 

tion of the Weibull parameters, and on the mathematics involved may be 

found in other papers by the authors' '•'^^, 

The Acceptance-Sampling Procedure 

The acceptance-sampling procedure to be employed with the tables 

presented here follows the usual pattern for attribute sampling inspect- 

ion.  The single variation in procedure is the testing of sample items 

for life (rather than for some other item quality characteristic) and the 

use of a pre-assigned test truncation time, t.  For single-sampling, the 

following are the steps required: 

(a) Making use of the tables of factors provided, select a suitable 

sampling-inspection plan, 

(b) Draw at random a sample of items of size n as specified by the 

plan. 

(c) Place the sample items on life test for the specified period of 

time, t. 

(d) Determine the number of sample items that fail during the test 

per iod, 

(e) Compare the number of items that fail with the acceptance number, 

c, specified for the plan. 

(f) If the number that fail is equal to or less than the acceptance 

number, accept the lot; if the number failing exceeds the accept- 

ance number, reject the lot. 

Both the sample sizes and the acceptance numbers used will be those 

specified for the MIL-STD-I05B plans.  Single sampling will presumably be 

used, but by simple modification double or multiple sampling can be used 
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if desired.  The selection of a suitable plan, the determination of oper- 

ating characteristics in terms of hazard rate for a specified plan, and 

the determination of an appropriate life-testing time are all made through 

use of the tables of products which wiI I be found at the end of this 

report.  Ways for making use of these tables will be discussed in the 

section that follows and in the accompanying illustrative examples. 

It may be noted that the probability of acceptance for a lot under 

the procedure outlined above depends only on the probability, which may 

be designated by p', of an item failing before the end of the test period, 

t. The actual life at which an item fails need not be determined; inspect- 

ion is on an attribute basis.  For this reason it is possible to use the 

I05B plans to evaluate submitted lots in terms of hazard rate, Z(t), at 

some specified time, t.  The operating characteristics for any sampling 

plan specified by c and n depend only on t and Z(t).  A brief outline of 

the mathematics involved in the procedure will be found in the Appendix. 

Additional details may be found in the paper of the authors first cited^. 

To provide a procedure of simple form and one suitable for general 

use, the tables of factors for adapting the 1053 plans to use in terms of 

hazard rates have been prepared in terms of dimension less products of 

t times Z(t).  Actually, in order to give figures that may be more con- 

veniently used, the tables are composed of tZ(t) x 100 products.  Each of 

the I05B plans is cataloged in terms of such tz(t) x 100 products.  These 

product values are to be used in much the same way that percent defective 

values are used in the selection and application of plans for ordinary 

attribute inspection.  With t and 2(t) specified, all that must be done is 

to compute their product and then select a plan in its terms.  If, on the 

other hand, a plan (n and c) and a test truncation time (t) are specified. 



the product may be used to give an evaluation of operating characteristics 

in terms of hazard rate, Z(t). Or, alternatively, the product may be used 

to find a suitable test truncation time, t. Examples of such application 

of the factors will be found in the latter part of this report. 

The Weibull distribution, one will recall, is a three-parameter dis- 

tribution, requiring a location or threshold parameter, a scale parameter, 

and a shape parameter for complete description.  For the procedure and 

plans presented here, the scale parameter need not be ascertained or known; 

the tZ(t) x 100 product contains information on its magnitude.  For the 

location or threshold parameter (commonly symbolized by the letter 7), a 

value of zero is to be assumed in the direct application of the products 

and the procedure.  For many applications a 7 value of 0 wiI I apply; there 

wi I I be no initial period of Iife free of risk of failure. This assump- 

tion is equivalent to knowing the value for gamma, if y  has some non-zero 

value, all that is necessary is to subtract the value for 7. from t to 

obtain a value t0 and then use t0 rather than t in working with the tables 

of products. The third parameter, the Weibull shape parameter (which is 

commonly symbolized by the letter ß) must be known.  The products depend 

on the value for ß so that its magnitude must be known or estimated from 

past research, engineering, or inspection data.  Separate tables of pro- 

ducts have been provided for each of eleven values for ß, values ranging 

from 1/3 to 5.  The assumed value for ß=l represents the special case of 

the exponential distribution and so may be used when this distribution 

seems to be the most appropriate statistical model.  Estimation procedures 

for ß or 7 are available and may be found in the paper by Kao^^. 

One final point of procedure must be mentioned.  It is that for the 

direct use of the tables of products, the item Iife at which the hazard 
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rate is measured or specified and the life at which the testing of sample 

items is truncated are assumed to be the same.  That is, the t used in the 

t2(t) x 100 products is the same as the.test truncation time, t. However, 

if the life at which hazard rates are to be specified or evaluated must dif- 

fer from the test truncation time, a simple variation in procedure may be 

made to allow for any desired departure.  AM that must be done is to find 

(for the value for ß assumed) the hazard rate at the test truncation time 

that corresponds to the hazard rate at the time used in the specification 

or at which lots are to be evaluated. A table of hazard rate ratios has 

been compiled for this purpose. It will be found as Table 2 at the end of 

this report.  The method for its use will be described in one of the illus- 

trative examples which will follow. 

The Tables of Products 

To provide the necessary data for using the I05B plans in life and 

reliability testing in terms of hazard rate, eleven tables of tZ(t) x 100 

products have been prepared.  One is available for each of the following 

values for ß: -j, -g-, f, i, ly, if, 2, 2-|, 5=-, k,   and 5. These values encom- 

pass the range of shape parameter values that will commonly be encountered. 

For values of interest for which no table has been provided (but within the 

above range), linear interpolation will give factors accurate enough for 

most practical purposes.  The tables of factors have been included at the 

end of this report as Tables I-A through l-K. 

Each table provides tZ(t) x 100 products for each I05B plan, that is 

for each combination of Sample Size Code Letter and Acceptable Quality Level 

the I05B Standard utilizes.  The factors apply not only to the single- 

sampling plans, but also to the matched double-sampling and multiple-sampling 

plans.  The sample sizes corresponding to each Sample Size Code Letter and 

the acceptance and rejection numbers applying to each Acceptable Quality 
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Level as found in the I05B Standard are thus to be used in the procedure pre- 

sented in this paper. 

Across the top of each table will be found tz(t) x 100 products corres- 

ponding to each of the Acceptable Quality Level values utilized in the 1056 

tables.  Each of these matched tZ(t) x 100 products provides for all of the 

I05B plans of the corresponding Acceptable Quality Level a measure of lot 

quality for which the probability of acceptance Is high. The producer's 

risk will be low with its actual magnitude being the same as that experienced 

under normal 'use of the I05B plans. It will be recalled that this risk 

varies, being as low as .01 for large sample sizes and as high as .20 for 

small sample sizes. The risk associated with a specific plan may be obtained 

from the operating characteristic curves provided in the I05B standard. 

Within the body of each table will be found tz(t) x 100 products for 

each plan for which the probability of acceptance is low.  In each case this 

probability is .10.  These products may be used as a means of estimating the 

consumer's risk when a Rejectable Hazard Rate is to be determined or when a 

plan is to be selected in such terms. Thus with pairs of factors provided 

for use in terms of both an Acceptable Hazard Rate as found across the top 

of each table and a Rejectable Hazard Rate as found within the body of each 

table, plans may be selected or evaluated in terms of either the producer's 

risk or the consumer's risk or both. Recently a proposed revision "C" of 

MIL-STD-105 included, among other things, the listing of LTPD values as con- 

sumer's protection measures as well as the AQL values.^ 

The interpretation of these tz(t) x 100 products may be demonstrated by 

means of a simple example.  Suppose that for a product to be submitted to 

acceptance inspection ß can be assumed to have a value of i and 7 a value of 

0.  Life testing of sample items is to be truncated at 500 hours.  A single- 

sampling plan for Sample Size Code Letter H and an AQL of 1.5$ has been 
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specified for use (n, the sample, size will thus be 35 and c,   the accept- 

ance numberj I).  Reference to Table i-B which contains products for ß = ■§• 

shows that the tz(t) x 100 product at the Acceptable Quality Level of 1,5^ 

is .756. With t = 500 thus 500Z(t) x 100 = .756. Z(t), the hazard rate,, 

can thus be computed as Z(t) = .756/500 x 100 = .000015! (per hour). 

Accordingly^ this figure, .0000151, can be considered as the Acceptable 

Hazard Rate   (as measured at 500 hours of life). Next, by entering the 

body of the table at Sample Size Code Letter H and an AQL of i.5^, the 

tz(t) x 100 product for which the probability of acceptance Is low (.10) Is 

5.5. Again with t = 500, 500Z(t) x 100 = 5.5 or z(t) = 5.5/500 x 100 » 

.00011. Thus the Rejectable Hazard Rate (at 500 hours of life) is .0001 I 

(per hour). These two figures found for Z(t) may be interpreted thus; (a) 

lots for which the hazard rate for items at 500 hours of life is .0000151 

per hour or less will have a high probability of acceptance (examination of 

the 0C curves in the I05B Standards indicates the probability is siightiy 

more than .90); lots for which the hazard rate for items at 500 hours of 

life is .00011 will have a low probability of acceptance (namely .10 or 

!ess). 

ExampI es 

Example (1); 

A purchased electronic component is to be inspected, lot by lot, for 

lifelength by sampling inspection.  The MIL-STD-1058 plans are to be 

employed. The lot quality of interest is the hazard rate at a Iife of 500 

hours.  From past experience with the component it has been determined that 

the Wei bull distribution can be applied as a statistical model and that a 

value for ß, the shape parameter, of f can be assumed and a value for 7, the 

location or threshold parameter, of 0 can be expected.  Normal inspection is 



to be employed and the lot size in each cese will be 3^000 items.  A plan 

employing an Acceptable Quality Level (in terms of the percent defective 

as used in the standard) of k,0%  and a test period of 500 hours have been 

tentatively selected^ with single sampling to be utilized.  Under these 

given conditions^ the acceptance procedure and the operating characteristics 

in terms of hazard rate at 500 hours are to be determined. 

By referring to Table III of MIL-STD-I05B it will be found that for 

Inspection Level II (whi h is customarily employed unless there are special 

reasons for doing otherwise) and for a lot size of 3^000^ Sample Size Code 

Letter L should be employed. Next., reference to Table IV-A of the same 

Military Standard shows that for Sample Size Code Letter L the sample size 

for single sampling is 150 items.  Further reference to this latter Table 

shows that for the k.0%  Acceptable Quality Level selected the acceptance 

number to use is II and the rejection number 12.  The acceptance-rejection 

procedure will accordingly be: 

(a) Draw at random from the lot a sample of I 50 items. 

(b) Place the sample items on life test for 500 hours. 

(c) Determine the number of sample items that fail prior to the end of 
this test period. 

(d) If the number that fail is II or less, accept the lot; if the number 
that fail is 12 or more, reject it. 

The operating characteristics of the above acceptance procedure in terms 

of hazard rate can be determined by reference to Table I-Q which will be 

found at the end of this report.  This table lists tZ(t) x 100 products for 

application when ß «f.  Examination of the factors across the top of the 

table (immediately below the AQL figures in p'^)) shows that at k-.0%  the 

corresponding t2(t) x 100 ratio is 2.72.  with t = 500 and with tZ(t) x 100 = 

2.72, the hazard rate is thus determined by: 



500Z(t) x 100 == 2.72 

z(t) 2.72 
500 x 100 

.0000544 . 

This figure may be considered as an Acceptable Hazard Rate (AHR). Thus if 

the quality of the submitted lot is such that the hazard rate at 500 hours 

is .0000544 (per hour), the probability of its acceptance will be high. By 

reference to Table VI-L of the Military Standard^ operating characteristic 

curves for single sampling for Code Letter L may be found. The curve for 

a 4.0^ AQL indicates that at 4.0^ the probability of acceptance is slightly 

more than .98; the producer's risk^ then, for lots for which the hazard rate 

is .0000544 at 500 hours is I.00-.98 or .02. 

A Rejectable Hazard Rate (RHR), a rate at which the probability of 

acceptance wi!i be low under the above plan, may also be determined by 

further reference to Table 1-0 of this report.  In the body of this table 

at Sample Size Code Letter L and an AQL of 4.0^, a second t2(t) x 100 pro- 

duct for the application, one whose value is 7.9, will be found. This is 

the product for which the probability of acceptance is .10 or less. Using 

t = 500 and ,making another simple computation gives: 

5002(t) x 100 = 7.9 

Z(t) =  ^2  =  .00016 
500 x 100 

This answer may be considered as a Rejectable Hazard Rate (RHR).  If the lot 

quality is such that the hazard rate is .00016 (per hour) at 500 hours of 

life, the probability of acceptance for the lot will be low, namely .10 or 

less. This figure quantifies the consumer's risk at the Rejectable Hazard 

Rate of .00016. 

-9- 
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ExampIe (2); 

For another illustration of use., consider a sampling inspection appli- 

cation for which an Acceptable Hazard Rate of .000025 (per hour) and a 

Rejectable Hazard Rate of .00015 (per hour) with both at 1000 hours of life 

is required.  A value for ß of i-f and for 7 of 0 can be assumed. The test 

time for sample items is to be 1^000 hours with double sampling to be 

employed. The problem is to select from the MIL-STD-105B plans the one that 

will meet most closely these requirements. 

Computations at the Acceptable Hazard Rate give tZ'(t) x 100 = 1^000 x 

.000025 x 100 = 2.5. Reference may now be made to Table l-F of this report 

which lists tz(t) x 100 products for application when ß = if.  in the line 

of factors across the top of the table (the column headings) the factor 2.52 

will be found corresponding to a 1.5$. AQL.  Use of any plan with this AQL 

percentage will thus meet closely the Acceptable Hazard Rate requirement; 

the probability of acceptance for lots meeting this specified figure will be 

high. 

Computations at the Rejectable Hazard Rate give tZ(t) x 100 = 1^000 x 

.00015 x 100 = 15. Examination of the column of products for the 1.5^ AQL 

figure shows that for Sample Size Code Letter J the tZ(t) x 100 product is 

15. Thus use of this Code Letter (with the AQL value selected) will provide 

a low probability of acceptance (.10 or less) for lots at which the hazard 

rate is .00015 at 1000 hours. Any l05Bplan (single, double, or multiple) 

with a 1.5 AQL and a Sample Size Code Letter J wiI I meet closely the opera- 

tional requirements. 

For double sampling, reference to Table IV-B of the 1058 Standard indi- 

cates the first sample size is 50 and the second sample size is 100 for Let- 

ter J.  At the AQL value of 1,5 the acceptance number under normal inspection 
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for the first sample must be I and the rejection number 6; for combined 

samples the acceptance number must be 5 and the rejection number 6. Other 

details of the acceptance-rejection procedure will be those customarily 

employed in double sampling.  It should be noted that the life testing time 

for the first sample must be 1^000 hours; likewise., it must be 1,000 hours 

for the second sample when testing of a second sample becomes necessary. 
\ 

Example (3): 

Consider a case for which a ß value of 2^- and a 7 value of 0 can be 

assumed. A Rejectable Hazard Rate of .00090 (per hour) at a life of 2,000 

hours has been specified. However, a test period of only 500 hours for 

sample items is, for practical reasons, the longest that can be utilized. 

The problem is to determine a single-sampling I05B plan that will meet the 

RHR requirement. 

A suitable plan in terms of this required time for the lot quality spec- 

ification but one that uses the reduced testing time can be found through 

application of data in Table 2 of this report, a table of hazard rate ratios. 

If we let t represent the life at which the hazard rate is specified and 

t represent the testing time to be employed, then the ratio between the two 

which is required for the use of the table may be determined.  It is t0/t 

or 2000/500 which is k.     Entering the table at the k.00  value for this ratio 

and reading across to values for use when ß = 2^, a Z(t )/Z(t ) ratio of 

8.00 may be found.  Letting Z(tp) represent the hazard rate specified at 

time t of 2,000 hours (which is .00090), a corresponding hazard rate 2(t ) 

at time t of 500 hours can be computed.  Since Z(t )/z(t ) = 8.00, 

Z(t!) = .00090/8.00 = .00011.  A tZ(t) x 100 ratio can now be computed using 

this new rate to apply at 500 hours.  It is 500 x .00011 x 100 = 5.5 

With this value for the RHR product, 5.5., one may now make reference to 
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Table l-H which lists products for ß = 2^.     Any plan for which a value at 

or close to 5.5 may be found in the body of this table will meet the RHR 

specifications.  For example^ a plan with an AQL of 0.25^ and with Sample 

Size Code Letter N wiI! do; likewise, one with an AQL of 1.0$ and with 

Sample Size Code Letter Q meets the requirement. A choice from these or 

other suitable alternatives will depend on the Acceptable Hazard Rate that 

seems most suitable for the case.  Use of the tz(t) x 100 product at the top 

Of a column from which a plan is selected will enable one to determine the 

hazard rate for which the probability of acceptance will be high.  For the 

first alternative mentioned above (0,25$ and H),   t2(t) x 100 = .625. Thus 

the AHR = .625/500 x 100 = .0000125 at 500 hours. At 2000 hours it depends 

on the ratio 2(t2)/z(t ) = 8.00. Thus at 2000 hours the AHR., 2(t2) = 

.0000125 x 8.00 = .00010. 

Example (h): 

For  an example of a case for which the location or threshold parameter 

is not zero, consider an application for which one can assume ß = ^ and 

7 a» 200 hours. A sample size of 50 has been specified (single sampling is 

to be employed).  A Iife testing time of 600 hours for sample items has been 

agreed upon.  It seems reasonable to expect a hazard rate of .00070 at 600 

hours and so this figure is selected as an Acceptable Hazard Rate and a plan 

is accordingly to be selected in these terms.  The problem is to determine 

what acceptance number must be used and also what measure of consumer pro- 

tection will be afforded. 

The first step is to subtract the value for 7 from the value for t, the 

test and specification time value, to get t , a vaIue in zero threshold- 

parameter terms.  Accordingly,, t - 7 = 600 - 200 = kOO  = t .  This converted 
o 

value may now be used in the normal manner for the tables and procedures 
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being described in this report. 

The t Z(t) x 100 product at the Acceptable Hazard Rate will thus be 

kOO x   .00070 x 100 or 28, Reference may now be made to Table l-J which 

lists products for ß = h.     Examination of the column headings indicates for 

an AQL of 6.5$ a corresponding tZ(t) x 100 product of 26.9, a figure reason- 

ably close to 28. Reference next to table IV-A of MIL-STD-I05B shows that 

for single sampling with a sample of size 50, and with an AQL of 6.5^, the 

acceptance number must be 6. Also, it may be noted that a single sample of 

size 50 corresponds to Sample Size Code Letter I. 

To determine a measure of consumer protection when the sample size is 

50 (Letter I) and the acceptance number is 6 (AQL = 6.5c/o)}   reference may now 

be made again to Table l-J of this report. At Letter I and an AQL of 6.5%, 

it wi II be found that the t2(t) x 100 product is 89 at the Rejectable Hazard 

Rate (for which the probability of acceptance is low, namely .10 or less). 

With this value one may determine that t Z(t) x 100 = i+OO Z(t) x 100 = 89, or 

2(t) = 89AOO x 100 = .0022. Note again for these computations the con- 

verted time value, t , is used. The Rejectable Hazard Rate of .0022 as com- 

puted above actually applies, however, at a real life of (t -i- 7) or 600 

hours. 



Appendix 

The Relationship Between p' and tz(t) 

The hazard rate at a specified time t, Z(t)^ may be expressed by the 

equation 

Z(t) = f(t) / [I - F(t)] (I) 

for which f(t) is the population density function and F(t) is the cumulative 

distribution function. 

For the Weibuil case (letting y,   the location or threshold parameter 

equal 0), the following relationships held^ 

f(t) = (ß/T)) (t/nr ' exp[-(t/T))ß]  , (2) 

and 

F(t) = I - exp[-(t/Ti)ß] (3) 

where T] is the scale parameter and ß the shape parameter. 

Substitution of the expression for f(t) given by Equation 2 and for F(t) 

by Equation 5 into Equation I and simplifying gives 

Z(t) = (ß/T)) (t/T,)ßH    . (1,) 

Multiplying each side of Equation \  by (t/ß) gives the equation 

tZ(t)    ( ß 
(5) 

The probability, p', of an item failing before time t is given by the 

cumulative distribution function. 

p' = F(t) = I - exp[-(t/T))
ß] (6) 

By combining Equations 5 and 6, p1 in terms of tZ(t) is thus found to be 

P'  =   1   - exp[^ i^iti  j       t     or 

tZ(t)  =  -ß ^n(l-p')      . 

-|i|- 

(7) 

(8) 
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